We consider a self-adjoint operator governing the propagation of elastic waves in stratified media R 3 , where Lame functions and a density are perturbed in a compact region. In this paper we prove the existence, the completeness, and the invariance principle of wave operators associated with the self-adjoint operator and a self-adjoint operator governing the propagation of elastic waves in unperturbed stratified media R 3 . The proof is based on an abstract scattering theory due to M. S. Birman. §1.
which boundary dQ is smooth and compact. Let l(x) and LI(X) denote Lame functions in Q, and p(x) denote a density function in O. We assume that there exist positive constants m and M such that (1.1) 0<m<A(x), //(x), p(x)<M for a.e. xefi, where (cf. Figure 1) ,, . Let u(t 9 x) = t (u l (t 9 x) 9 u 2 (t 9 x) 9 u 3 (t 9 x))ER 3 be the displacement vector at time t and position x. The propagation problem of elastic waves in the perturbed stratified medium J?
3 is formulated as the following mixed problem: (1.10) % . M =i(^+^y *j= 1,2,3, 2 \toj djc ft / are symmetric strain tensors, and v = (v l5 v 2 ,v 3 ) denotes the exterior normal at a point XE 8Q. The conditions (1.5) and (1.6) are called free interface conditions, the condition (1.7) is a free boundary condition, and the condition (1.8) is an initial condition. Here the word 'free' means Neumann type, and these free interface and boundary conditions appear in practical situations. A Hilbert space and a self-adjoint operator are associated with solutions to the mixed problem (1.4)-(l-8) with finite energies in the following way: Let (1.11) (j / w)k= -_L j; J.^4 
Even if the boundary of O is smooth, the boundaries of On/? 3 , and of Onl?^ are not smooth. Therefore the interface conditions (1.5)-(1.6) and the boundary condition (1.7) would not be satisfied in the usual sense (cf. [Mi, Theorem 3.24] The propagation problem of elastic waves in this unperturbed stratified medium is formulated as the following initial-interface value problem:
where ( and action defined by
is a non-negative self-adjoint operator on 3tf 0 . The following notation is used to formulate our main theorem. / is an identification operator from 3t? 0 into ffl defined by
is a function such that 0<y(*)<l, and 
holds for any admissible function (j)(s).
Every ueD(A) satisfies the interface conditions (1.5)-(1.6) and the boundary condition (1.7) in generalized sense, so the mixed problem (1.4)-(1.8) may be reformulated as the problem of finding a function u : R -> Jf such that We shall prove the main theorem using an abstract operator-theoretical theorem of the Birman theory due to W. C. Lyford, which provides sufficient conditions for the existence, the completeness, and the invariance of the wave operators.
The following notation is used to formulate the abstract theorem. The scattering theory with two Hilbert spaces is concerned with a pair of self-adjoint operators H 0 and H acting on separable Hilbert spaces Jf 0 and Jf 7 , respectively, and a bounded linear operator / mapping 3? 0 into Jf . We denote the spectral measure for H Q by 7i 0 (-), the subspace of absolutely continuity for Jf 0 by 3ff o , the orthogonal projection of jf? 0 onto JP% by P 0 , and n [Ka] Furthermore, the invariance principle
holds for any admissible function 4>(s).
Remark. By virtue of (1.34), we may replaced n$(I) in (2.2) and (2.4) by TT O (/). We may also omit P 0 in (2.5).
Theorem 2.1 will be applied to our problem. The self-adjoint operators A and A 0 are replaced by H and // 0 , respectively. Other notations can be used as they are.
We verify the sufficient conditions (2.1)-(2.4). The condition (2.1) becomes as follows: The validity of these conditions is obvious from (1.28), (1.29), and (2.10), because j(x) vanishes in a neighborhood of # 3 \Q.
To verify the sufficient condition (2.4), it is necessary to calculate the operator AJ-JA 0 . From the condition (2.9), we have for ueD(A 0 ) where A 0 = A 0 (x 3 ), ^0 = ^0(^3) a°d Po^PoC^s)-For simplicity we only consider the (3,l)-component with respect to l(x) and A of AJ-JA 0 and denote it by (^/-Jv4 0 ) (3 1)A . Other components can be treated in a similar way. By (2.11) and (2.12), we have
The spectral family TU O (J) has the following expression:
Here ^ = (fj 1 ,fy 2 ,^) = (^',^) are the dual variables of (x l5^2J -^3)- 
